We prove a multilinear version of the reverse Hölder inequality in the theory of Muckenhoupt A p weights. We give two applications of this inequality to the study of multilinear weighted norm inequalities. First, we prove a structure theorem for multilinear A ⃗ p weights; second, we give a new sufficient condition for multilinear, two-weighted norm inequalities for a maximal operator.
Introduction
The purpose of this note is to prove a multilinear version of the reverse Hölder inequality in the theory of Muckenhoupt A p classes. We briefly recall the definitions; for complete details, see [5] . For 1 < p < ∞, a weight w is in A p if Here and below, the supremum is taken over all cubes in ℝ n with the sides parallel to the coordinate axes. We denote the union of all A p classes by A ∞ . If w ∈ A ∞ , then it satisfies the reverse Hölder inequality: there exists s > 1 such that
[w] RH s = sup
Our main result extends this condition to m-tuples of A ∞ weights. Theorem 1.1. Given 1 < s 1 , . . . , s m < ∞ such that ∑ 1 here is considerably simpler. After this paper was submitted, we learned that a similar result had been proved independently by Xue and Yan [11] . Theorem 1.6 has two corollaries. The first, when p = 2, is part of the folklore of harmonic analysis, but we have not been able to find a proof in the literature. We include this result since we prove a multilinear version below; see Theorem 1.8.
Then by Lemma 1.2, w i ∈ RH s i , and inequality (1.1) becomes the A p condition.
Our second corollary is a version of Theorem 1.1 that is particularly useful for applications to multilinear weights. We now give three applications of Theorem 1.1 (or more properly, Corollary 1.5) to the theory of multilinear weights. We first consider the structure of multilinear A ⃗ p weights. To put our result into context, we briefly sketch the history of multilinear weighted norm inequalities. A multilinear Calderón-Zygmund singular integral operator T is an m-linear operator with kernel K such that , then
Weighted norm inequalities for multilinear singular integral operators were first considered by Grafakos and Torres [7] . They showed that if p 0 = min(p 1 , . . . , p m ) and w ∈ A p 0 , then
This result was generalized by Grafakos and Martell [6] , who showed that if w i ∈ A p i and w = ∏ w p/p i i , then
The optimal class of weights for which (1.2) holds was found by Lerner, Ombrosi, Pérez, Torres and Trujillo-González [10] . Given 
It follows at once by Hölder's inequality that if
Proof of Theorem 1.6. By Hölder's inequality, for every i and every cube Q,
Thus, if we fix a value of i,
If we combine these two inequalities, we see that w i ∈ A p i .
1 If the weights w i are taken as prior, then this name makes sense. If the weight w is taken as prior, then it makes more sense to refer to these weights as "factored" A ⃗ p weights. However, "product weights" has become the standard terminology.
It is tempting to speculate that the condition w i ∈ A ∞ in Theorem 1.6 can be weakened to w i ∈ L 1 Loc . This, however, is false, and we construct a counter-example. We note in passing that our example also gives an example of a weight ⃗ w ∈ A ⃗ p that is not a product weight; our construction is somewhat simpler than that given in [10 
To show this, it suffices to check the A 1 condition on intervals [0, t], 0 < t < 1 (cf. [3] ), but in this case it is straightforward to show that
log(e/t) b .
( 1.3) (Just compare the integrand to the derivative of the right-hand side.) Since p/p 1 < 1, we have that w ∈ A 1 . Next we will show that the weight σ 1 = w which is given by 
Then for any cube Q we have 
